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Supplementary Information

Multiphase Numerical Calculations

We used an Eulerian-Eulerian multiphase approach to compute crystallization and silicate
melt extraction in a magma chamber that is progressively cooling. Each continuum
(magma or crystal phase) is represented by conservation equations for the mass,
momentum, thermal energy and a compositional proxy (SiO,). The set of equations are
coupled through equal and opposite drag terms, terms for the transfer of thermal energy,

and terms for the transfer of mass during phase change:

Z(bk =1 M
k
d 0 2
E(¢kpk ) + a_xi(¢kpkuk,i) =R, ()
a(¢kpkuk,i) + a(‘pkpkuk,iuk,j) — (3)
at ox;,
d

¢k 6 +a_|: ij :'+D +pk¢kg2512+Rukl

T, aT, 0 (4)
0.p.c [ T } 6kmaxiik+ wk,d Nu(T, -T, )+¢,R L
d d
g(¢kkaSi02 ) Ix. ((kakukl $i0, ) B ®)

The k subscript refers to specific phases (magma (m) or crystal (c¢)) and each phase is
described by separate sets of equations. The subscripts i and j refer to spatial directions
that can take the values of 1 and 2 for the two orthogonal directions in the two-

dimensional simulations. Here we use the convention that 2 is in the z or vertical



22
23

24

25
26
27
28

29
30
31
32
33
34
35
36
37
38

39
40
41
42
43

44
45
46

47
48

direction. T refers to temperature, g to heat flux, d to crystal diameter, & to thermal

conductivity, ¢ to heat capacity, p to density, L to latent heat, u to velocity vectors, 7;to

the stress tensor, and ¢ to volume fraction. The first equation, (1), specifies that at any

one location the sum of volume fraction of magma and crystals must equal 1. Equation
(2) is the conservation of mass, equation (3) gives the momentum balance, equation (4) is
the conservation equation for thermal energy, and equation (5) is the conservation of the

chemical proxy (SiO;) content of the magma. The term f3 ,, in equation 5 is the rate of

change of composition due to phase change as parameterized by the changing melt
fraction as parameterized in MELTS calculations (Ghiorso and Sack, 1995). Hence this
term is based on heat transfer rates, kinetic rates, and the phase equilibria predicted by the

self-consistent thermodynamics approach incorporated in MELTS.

The R terms are the mass exchange rates associated with crystallization. During
crystallization the R, value for the magma phase would be positive and have an equal, but
opposite complementary term in the crystal phase equation. The R, terms also appear in

the conservation of momentum equations (Eq. 3). This term takes on the form:

B (ft _fz—l) (6)

Where f and /'are the melt volume fraction as a function of temperature at two times
separated by a Artime span. For these calculations we assume a linear relationship
between melt fraction and temperature when magmatic temperature is between the

solidus and liquidus of the magma. The rate of crystallization, A4

xl >

is ultimately governed
by the crystallization kinetics. Here we use a rate of 10™ kg/m’s. This is equivalent to a
growth rate of ~1.0 x 10 mm/s assuming initial crystal sizes of 100 microns and

nucleation number density of 10'* nucleation sites/m’. Growth rates for multicomponent

compositions have been reported in the range of 10 to 10" mm/s (Hammer, 2008).
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The heat transfer between the magma and crystals is given by the second term in equation
4 and is modified by the Nusselt number, Nu. We use the Ranz-Marshall correlation to
prescribe the Nusselt number based upon the particle Reynolds number and Prandtl

number (Rowe et al., 1965),

4
Nu=2+ gRep”zPr”3 (7)
where
dp [u_.—u_.
Re — pm m,i c,i ’ (8)
b u
and
m:%%. )

The drag between magma and crystals, D, is dependent on the volume fraction of
crystals. We assume that above the close packing volume fraction of crystals (here
assumed to be 0.64), the single particle drag factor is based on particle Reynolds number
using the Schiller and Naumann correlation, and the total drag factor of a collection of
particles is given by the correlation of Di Felice to account for hindered settling at higher

particle volume fraction (Di Felice, 1994).

¢.<0.64:
(10)
f

D, ==(u,;—u.)
p , .

c
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Here f is the total drag correlation,

F=19." (11)
The single particle drag correlation is given by (Crowe et al., 1998):

fy =1+.15Re,"*, (12)

which is appropriate for the relatively limited particle Reynolds numbers encountered in

magmatic flow. The exponent, 3, is given as

~[15-log(Re,) |

=3.7-0.65ex (13)
P P 20
The crystal’s response time, ¢_, 1S
2
tc = % (14)

184,

When the volume fraction of crystals exceeds the close packing limit, the drag force is

given
D, = %(um,i - uc,i) 5 (15)

where the permeability, K, is given by the Blake-Karmen-Kozeny relationship

q)m ’ dC ’

:—8M(1_¢m2). (16)
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Here M is a constant with a value of 50. With the permeability relationship and Darcy’s
law formulation for the drag force, the solved multiphase equations correspond to the
compaction equations with the exception that the inertial terms are retained to be able to
smoothly transition from a melt dominated to a crystal dominated system(McKenzie,

1985).

The stress tensors, 7, ., are given as

Tiii = 2:ukSk,ij > (17)

where

1 {(’mk,i N duy ; :l_ 1duy 5 (18)

S, . =— y
Y2l ax,  ax, | 3ox

The evolving viscosity and thermal properties for the magma phase were computed using
MELTS. The initial proxy compositions are given in Supplemental Table 1, for basaltic,
andesitic and dacitic magmas. While variations in initial composition, and rheology, are
certainly possible, these calculations demonstrate that these end-member compositions
have similar behavior in terms of the cumulative probability of melt extraction, although
the rapidity of melt extraction varies. We assumed a constant solid matrix viscosity of

10" Pa s after crystal lock-up (Caricchi et al., 2007; Rushmer, 1995).

We solved these equations using a modified version of the multiphase flow with
interphase exchanges (MFIX) developed by the U.S. Department of Energy(Syamlal et
al., 1993) with modifications for magmatic and compaction driven flow (Dufek and
Bergantz, 2007; Dufek and Bergantz, 2005; Ruprecht et al., 2008). We have validated
this approach through comparison of experimental and direct numerical simulations of
gravity currents (Dufek and Bergantz, 2007), and through comparison with rates of

sedimentation of silicon particle in molten aluminum (Hanumanth et al., 1992). All



129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149
150
151
152
153
154

155
156
157

158
159

simulations are two-dimensional and we used a constant grid resolution 0.5 m by 0.5 m.
We used a flux-limiting approach (Zijlema and Wesseling, 1998) to maintain second
order accuracy when solving the conservation equations using the finite volume

approach.
Modeled Conditions

We focused primarily on low aspect ratio geometries (height/length). Sills with low
aspect ratio appear to be favored in many tectonic settings, and gravitational relaxation
tends to create rheological and density traps that are horizontal in nature. In the shallow
crust, most caldera forming eruptions also have very limited aspect ratios. We focused on
magma chambers with an aspect ratio of 0.25. Calculations for smaller aspect ratios
behaved very similar to the 0.25 aspect ratio simulations in terms of the probability of

melt extraction. We considered magma intrusion heights of 10 m and 100 m.

In the multiphase calculations three compositional proxies were considered for basalt,
andesite and dacite magmas, respectively. To compute the thermodynamic properties of
these proxies we used the specific compositions given in Table 1 and used the MELTS
thermodynamic software to compute the heat capacity, density, and viscosity of these
melts as a function of non-dimensional temperature. In all calculations we assumed 2 wt.
% water, although we examined other scenarios, and the probability of melt extraction
was relatively insensitive to variation in water and composition (although the timescale of

melt extraction was longer for less hydrous, more viscous magmas).

The cumulative melt extraction is computed at every time-step and is defined as:

Vesiraer = Z¢m (”m,z - uc,Z)dxld‘XZdt 5 (19)

where V.

extract

is the cumulative volume of melt separating from the crystals. The ‘2’ in the

subscript refers to the vertical direction. Extracted volumes are also computed for specific

crystal fractions. These crystal fraction-specific volumes are also computed every time-
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step and are binned for every 0.02 volume fraction of crystals. The probability of
extraction as a function of crystal content is computed at the conclusion of the
simulations by taking the ratio of the crystal fraction specific volumes with the total

extracted melt volume, and multiplying by 100 for a percentage.

The two-dimensional simulations were linked to broader-scale, one-dimensional
extension modeling the temperature in the lithosphere (here assumed to be 100 km). The
initial condition assumed a steady-state thermal profile with a surface heat flux of 68
mW/m? using the approach of Chapman and Furlong (1992). Heat production from
radioactive elements was assume to be 0.94 mW/m® at the surface with an exponential
decrease with depth with a characteristic length scale of 15 km. Obviously other thermal
profiles are possible, but the connection to the one-dimensional model enables us to test
the melt extraction probability when the intrusion is at different degrees of thermal
disequilibrium from the crust, and also allows the boundary of the intrusion to change in
response to conduction of heat to the surrounding crust rather than giving ad hoc

temperature or heat flux boundary conditions for the magma intrusion.

178 Table DR1: Modeled Compositions

Major Oxide Basalt Andesite Dacite
Composition

Si0, 49.61 61.19 68.0
Ti0, 1.0 1.17 0.45
AlLO; 17.41 17.22 15.63
Fe, O3 11.31 6.32 3.70
MnO .18 .01 .07
MgO 6.11 1.23 .93
CaO 10.72 4.43 2.98
Na,O 2.74 4.18 3.78
K,O 1.23 3.65 4.10
P,0Os 22 .61 .19
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