
 1

 Appendix: Excess Temperature of the Yellowstone Plume 
 

D.L. Schutt and K. Dueker 
 
 

 
Section 1.0 Model Parameterization 
 
To estimate the excess temperature of the Yellowstone plume, we construct a simple 1-D model of the 
crust and upper mantle along the hotspot track (Fig. 2).  For a given plume excess temperature and grain 
size, melt porosity is estimated, and S-wave velocity with depth is predicted.   S-wave velocity as a 
function of depth is then converted to phase velocity as a function of wave period (Saito, 1988), and these 
predicted phase velocities are compared with observations (Schutt et al., 2008). 
 
For a range of excess temperatures and grain sizes, we test the null hypothesis that the predicted phase 
velocities are consistent with the observed phase velocities.  The chi-squared values presented in Figs. 2, 
A1-3 represent the probability that the null hypothesis is violated: that is are the observed phase velocities 
consistent with the posited excess temperature and grain size. 
 

The velocity model is constructed of four layers:  1) The crustal layer thickness and shear-wave 
velocity are constrained via inversion of the 15-40s wave period YHT phase velocity data and P to S 
conversion times from the crust-mantle boundary (Schutt et al., 2008; Yuan et al., in preparation) 
Although crustal thickness ranges from 38 to 53 km beneath the Yellowstone seismic array, the crustal 
thickness and mean crustal velocity are reasonably uniform (41–44 km) along the eastern Snake River 
Plain. 2) The mantle lithosphere layer is fixed at 8 km thickness and 4.2 km/s based on our velocity 
profiles (Fig. 2; also see Figure 15 in (Schutt et al., 2008)). This thin and low velocity mantle lid is 
consistent with the high surface heat flow (Blackwell et al., 1991) and the low lithospheric flexural 
rigidity (McQuarrie and Rodgers, 1998). Noteworthy is that a layer of Archean mantle lithosphere is 
required to explain the geochemical signatures of the late-stage basalt fields (Lum et al., 1989).  3) A 
layer of  “plume” mantle is placed directly below the lithosphere.  This represents material that has 
upwelled under Yellowstone Park and then has been sheared to the SW by North America Plate motion 
(i.e. the hot mantle under the eastern Snake River Plain).  For most runs, the thickness of the plume layer 
is fixed at 60 km which is consistent with isostatic considerations (Schutt and Humphreys, 2004), P- and 
S-wave tomography (Schutt and Humphreys, 2004; Waite et al., 2006; Yuan and Dueker, 2005), the 
resolution of the surface wave data (Schutt et al., 2008), and convective modeling of the Yellowstone 
plume (Lowry et al., 2000).  Our results are relatively insensitive to the depth of the bottom of the plume 
layer due to the small sensitivity of the phase velocity data to structure below 120 km depth, as shown by 
Fig. A2. 4) The mantle below the plume layer is assigned the velocity profile predicted by a 1320 °C 
potential temperature adiabatic mantle with a grain size of 5 mm. 
 

Section 2. Converting Temperature and Melting to S-wave Velocity 

Because melt porosity reduces rock velocities (Kreutzmann et al., 2004; Schmeling, 1985; Schutt and 
Humphreys, 2004; Takei, 2000), the melt porosity of super-solidus regions is quantified as a function of 
depth. Equilibrium melt porosities are calculated using one-dimensional Darcy law porous flow equations 
with a melting source-term (Turcotte and Schubert, 2002), as detailed in Section 3. The most important 
parameters in this calculation are the permeability and the paramteric form of the solidus. The permeability 
is calculated using a power law relation where the grain size is the independent variable (Turcotte and 
Schubert, 2002).  The solidus and hence melt production rate is specified using the dry mantle solidus 
(Hirschmann, 2000). The dry solidus is appropriate because any volatiles in the plume would be rapidly 
removed during the extensive melt extraction observed along the YHT (Schutt and Humphreys, 2004). The 
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melt porosities are displayed as contours in the two-dimensional probability image that shows the trade-off 
between the grain-size and excess temperature of the plume layer (Fig. 2d,e). The greatest melt-porosity is 
<1%: consistent with global geochemical constraints that suggest upper mantle melt porosity rarely 
exceeds 1% (McKenzie, 1984) . Above the 52 km depth of the lithosphere-plume layer boundary, we 
assume that the melt is no longer percolating along grain boundaries, but is channelized (Aharonov et al., 
1997)  and hence does not volumetrically perturb the velocity field. 
 
Next, the melt porosities and temperature in the plume layer are translated into shear-wave velocities. 
Translation of the melt porosities into shear-wave velocity reductions is equivocal. For a 1% melt porosity, 
three studies suggest a corresponding 2% shear-wave velocity reduction (Kreutzmann et al., 2004; 
Schmeling, 1985; Takei, 2000), while one study suggests a  7.9% velocity reduction (Hammond and 
Humphreys, 2000a). Because our equilibrium melt porosities are <1%, we find that our excess temperature 
estimates are not very dependent upon which melt-velocity scaling relation is used. To translate our one 
dimensional thermal model into velocities, two different anelastic velocity models are tested. The first 
(NGSS) method is based upon a non-grain size sensitive theoretical anelastic model (Karato, 1993), and 
has been fairly commonly used in the seismic literature (Goes et al., 2004; Goes et al., 2000; Goes and van 
der Lee, 2002; Ritzwoller et al., 2004).  The second (GSS) method is based upon a grain size sensitive 
phenomenological fit to laboratory data (Jackson et al., 2002), and is described in section 4.  Both the 
theoretical and laboratory based anelasticity models require the specification of the poorly constrained 
volume of activation (V*) (Karato and Jung, 2003) that scales how the seismic attenuation (hence 
anelasticity) decreases with respect to depth.    Estimates of V* range from 3-25 cm3/mol (Li et al., 2003).  
For our best estimate of excess temperature, we assume a V* of 14 cm3/mol (Faul and Jackson, 2005b; 
Karato and Jung, 2003).  This value is chosen both because it is the center of the range of reported values, 
and also for comparison with other studies that map velocity to temperature (Cammarano et al., 2003; Goes 
et al., 2000).  Fig A3 presents excess temperature estimates for the various values of V*. Obviously, V* is 
a very important parameter and a firmer consensus on its correct value will be very useful. 
 
The mean grain size in the plume affects both the melt porosity, and for the GSS model, the anelasticity.  
While it would be ideal to have xenoliths from a plume and/or asthenospheric layer from which grain size 
could be inferred, to our knowledge, no xenoliths from a plume layer or asthenosphere exist.  Some 
estimates of grain size are discussed in Section 5.   
 
 
Section 3.  Melt  Porosity Calculation 
 
The mean equilibrium melt porosity in our thermal plume model is calculated using the one-dimensional 
porous flow equations (Turcotte and Schubert, 2002). The relative velocity between the melt and matrix is  

(1) 
2 ( )

24
s l

l s
bv v φ ρ ρ

πμ
−− =  

 
where l sv and v  are the upward velocities of the liquid and solid, b is the grain size, μ is the melt 
viscosity, φ  is the melt porosity by volume, and ρs and ρl are the solid and melt densities.  We use the 
following parameter values: ρS = 3.27 km/m3, ρL = 2900 kg/m3, and μ = 3 Pas.  Note that eqn. 1 is 
dependent upon grain size because a power law relation between melt porosity and permeability is being 
used. 
 
After some algebra, the solution for the melt porosity with respect to depth is given as equation 9-220 in 
(Turcotte and Schubert, 2002).  Grain size is an independent variable in our calculations, but the other 

DR2008151



 3

parameters are fixed to the following quantities: heat capacity of melt is 1.3x103 J/kg-K, the Clapeyron 
slope for the solidus is 9.1x106 Pa/K, and the latent heat of melting is 320x103 J/kg. 
 
Section 4.  Anelastic shear velocity models 
 
The theoretical non grain-size sensitive anelastic model derivation is well known and we refer the reader 
to the original sources (Karato, 1993; Minster and Anderson, 1981). The relevant parameter values for the 
Q model are taken from previous studies (Goes et al., 2000; Sobolev et al., 1996) which derived the 
following parameter values by calibrating the anelastic velocity model to seismic Q constraints. The 
values are: A=0.149 (pre-exponential constant), a=0.15 (seismic frequency dependence), V*=14mole/cm3 
(activation volume), E*=510 kJ/mole (activation energy).  An anharmonic velocity field is needed for this 
model too; this is calculated from (Schutt and Lesher, 2006). 
 
The phenomenological grain-size sensitive anelastic model is an extended Burgers model (Faul and 
Jackson, 2005b).  We refer the reader to the reference for the details and only give a brief outline here of 
the model.  Defining the complex compliance  
 

(2) ( ) ( ) ( ) ( )1 2
( )* ( )
( )

itJ J e J iJ
t

φ ωεω ω ω ω
σ

−= = −  

 
where ( ) ( )t and tε σ are the time dependent strain and stress amplitudes, ( )φ ω is the phase lag between 
the shear strain and stress, and ( ) ( )1 2J and Jω ω are the real and imaginary components of the 
compliance. 
 
The frequency dependent shear modulus G and strain energy dissipation 1Q−  are calculated as follows: 
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where d is grain size, T is temperature, P is pressure, ( )uJ P  is the unrelaxed compliance, 

( ) /U R RG G GΔ = −  with R UG and G  being the relaxed and unrelaxed shear modulus, τ is the 
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distribution of relaxation times with ,L H mandτ τ τ being the lower and upper and Maxwell times and 

Qα  is the seismic frequency dependent exponent. 
 
The temperature and grain size dependence of the Maxwell relaxation time is derived from the 
temperature and grain size dependence of the viscosity exp( / )md E RTη ≈  and expressed in the 
preliminary functional form 

(7) 
Em RT

m Ad eτ =  
 
where A is a constant, E the activation energy, R the gas constant, T absolute temperature, and d grain size 
with exponent m. To account for both anelastic and viscous behavior, a modified version of Eqn. 1.6 is 
used 
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where iτ  are the upper, lower cutoff times and Maxwell times. The parameter iRτ  are the values of iτ  at 
the reference temperature RT  and the reference grain size Rd . The exponent m is allowed to change 
between the lower and upper cutoff times versus the Maxwell time to reflect the different diffusion 
distances involved in anelastic versus viscous relaxation. 
 
The effect of pressure upon the modulus is accounted for by scaling the relaxation times by the factor 
exp(PV*/RT) where V* is the activation volume. Extremal bounds on V* range from 3 (Li et al., 2003) to 
25 (Karato and Jung, 1998) mol/cm3 with 14 mol/cm3  being our preferred value (Faul and Jackson, 
2005b; Karato and Jung, 2003). This large range reflects uncertainties in the operative deformation 
mechanism (diffusion versus dislocation), olivine dampness, and experimental uncertainties. 
 
 
Section 5.  Plume layer grain size constraints  
 
For the grain-size sensitive anelastic velocity model, specification of the mean grain size in our plume 
layer is of first order importance (Faul and Jackson, 2005a). Grain size sensitive anelasticity is 
independent of the rock mineralogy and thus the mean grain size of the upper mantle mineralogic 
assemblage (olivine, pyroxene, and garnet/spinal) is the relevant quantity.  However, because olivine is 
the most abundant and well-characterized upper mantle mineral, we shall assess what the mean olivine 
grain size constraints might be for a layer of plume mantle emplaced beneath a moving lithosphere.  

All other things equal, the inverse relation between deviatoric stress and grain size suggests that low 
stress region such as the asthenosphere would have a larger grain size with respect to higher stress regions 
like the lithosphere (Evans et al., 2001; Hall and Parmentier, 2003; Jackson et al., 2002; Karato and Wu, 
1993; Zimmerman and Kohlstedt, 2004).  However, the theoretical constraints are too weak to directly 
constrain the grain size in the asthenosphere or a plume layer. Furthermore, much of the plume layer is 
likely above the solidus which may affect the operative deformation mechanism (Holtzman et al., 2003; 
Zimmerman and Kohlstedt, 2004) and the Ostwald ripening process (Solomatov, 2001). 

Unfortunately, the inability of the asthenosphere to propagate magma filled cracks upwards means that 
xenolith samples from the asthenosphere are probably not available (although kimberlites may nucleate 
below the asthenosphere (Collerson et al., 2000; Usui et al., 2003)). Thus, the only direct evidence for 
upper mantle grain size distribution derives from lithospheric xenoliths. In general, the olivine grain sizes 

DR2008151



 5

from spinel peridotite lithospheric xenoliths is <0.5-2 mm (Armienti and Tarquini, 2002; Wilshire et al., 
1988). This small grain size is thought to manifest the relatively high stresses present in the cooler portion 
of the lithosphere However, the deepest lithospheric coarse-grained xenoliths often have mean grain sizes 
of a few mm (Ben et al., 2001).  Based on this, we conservatively estimate the minimum asthenospheric 
grain size to be 2 mm.   If grain sizes are really much smaller, it is conceivable that the Yellowstone 
plume phase velocities could be explained by an isothermal mantle with extremely small grain sizes in the 
plume,  e.g, 0.1 mm,.  Given current knowledge that suggests grain size in the upper mantle is roughly 
correlated with temperature (Hall and Parmentier, 2003), Yellowstone being a pure grain size induced 
velocity anomaly seems highly unlikely.  Indeed, it is more likely that plume grain size is larger than the 
mantle below it since stresses should be higher in the colder and more viscous ambient mantle.   
 
A final potential constraint is the shear wave quality (QS ≡ 1/attenuation) predicted by the anelasticity 
models. Figs. 2 and A4 shows the attenuation with respect to excess temperature and grain-size predicted 
by the two anelastic models in the plume layer.  For the GSS models, the QS contours is very similar to 
the misfit  surface (Fig. 2), so these models cannot be use to independently constrain QS values.  Note that 
the NGSS QS does not depend on grain size and is always greater than the GSS predicted QS.  
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Supplemental Figure Captions 

 
 
 
Figure A1.  Chi-squared value for fit of plume layer as a function of grain size and excess temperature. 
for the two anelastic and two melt-velocity scaling models used. Contours show F-test confidence levels, 
and dashed lines give minimum excess temperature estimate at 95% (long dashed lines), and 68% (short 
dashed lines) confidence levels.  Top left: GSS anelasticity model, with melt porosity scaling of 
(Kreutzmann et al., 2004) (1% melting causes a 2% VS reduction).  Top right: GSS anelasticity model 
with melt porosity scaling of Hammond and Humphreys (1% melting causes a 7.9% VS reduction 
(Hammond and Humphreys, 2000b)).  Bottom figures are same as top, except the NGSS anelasticity 
model is used.  A V* of 14 cm3/mol and E* of 510 KJ/mole is assumed for all calculations. 
 
Figure A2.  Effects of depth of bottom of plume layer on fit to YHT phase velocity data.  Grain size in 
plume layer is assumed to be 2 mm.  Contours and colors both indicate F-test derived confidence bounds. 
. 
Figure A3. Activation volume (V*) effects on excess temperature and grain size estimate.  Colors 
indicate F-test derived confidence bounds.  Titles on plots denotes V* values used in cm3/mol.  
 
Figure A4.  Mean QS predicted as a function of grain size and excess temperature of plume layer for GSS 
and NGSS anelasticity models and melt-velocity scaling.  Contours show F-test derived confidence 
bounds.   V* is fixed at 14cm3/mol.   
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